Equations of states ͑EOS's͒ and thermodynamic properties of rare gas solids ͑RGS's͒ under pressure are studied by a statistical method. On the basis of empirical effective two-body interactions for Ar, Kr, and Xe close agreement is obtained with experimental data for the pressure dependencies of the Grüneisen parameter and sound velocities as well as for the temperature dependence of the interatomic distance, the heat capacities, the bulk modulus, and Grüneisen parameter at ambient pressures. All these thermodynamic quantities are finally also calculated for 2, 5, and 10 GPa. Most remarkably a strong suppression of the intrinsic anharmonic contributions to the Gibbs free energy is noticed under strong compression and quantitatively evaluated.
I. INTRODUCTION
Thermal contributions to the equations of states ͑EOS's͒ for solids under strong compression have received growing attention in recent years for practical reasons related to pressure determination in diamond-anvil high-pressure studies [1] [2] [3] as well as in geophysical studies related to the internal geodynamics and density gradients. 2, 4 However, the theoretical description of the thermal properties presents still a considerable challenge due to the well-known anharmonicity in the atomic vibrations, which requires especially for large vibrational amplitudes a self-consistent treatment of quasielastic interatomic interactions. Thereby it is well understood 5, 6 that the quasiharmonic approximation of the phonon contributions to the thermal pressure cannot describe the experimental data correctly but intrinsic anharmonic contributions have to be taken into account in addition to obtaining an accurate modeling. When these intrinsic anharmonicities are modeled purely on heuristic grounds 7 one is not able to predict the variation of these intrinsic anharmonicities under pressure, which limits the accuracy of these models under stronger compressions. For this reason a statistical model with empirical effective two-body interactions is applied here to study the thermal behavior of rare-gas solids ͑RGS's͒ under strong compression in wide ranges of temperature to gain some further insight into the contributions from the intrinsic anharmonicities and into the effects involving self-consistency of the atomic motion in crystals.
In this paper primary attention will be paid at first to the heavier RGS's Ar, Kr, and Xe, where the contributions from quantum motion of the atoms are not so strong as in Ne or He. All the thermophysical data for these RGS's at moderate compression have been reviewed critically in the literature, 8 but more recently, isothermal EOS studies have been extended for solid argon up to 80 GPa, [9] [10] [11] [12] for solid krypton up to 55 GPa, [13] [14] [15] [16] and for solid xenon up to 75 GPa. [17] [18] [19] [20] While most of the earlier studies on RGS's used only various more or less empirical EOS forms 22, 21 in the representation of the experimental data, more recently also firstprinciples calculations as well as different methods from statistical theories of solids were applied to describe the quasiharmonic atomic motion in crystals. [23] [24] [25] [26] In principle, these statistical methods allow us not only to calculate the EOS's for wide ranges in temperature and pressure, but also to determine all the other thermodynamic properties of these crystals under pressure, however, the usefulness of these models was strongly limited, because quasielastic interatomic interactions and intrinsic anharmonicities of the atomic motions in the crystal were mostly not treated self-consistently in these calculations.
The basis for the theoretical description of the RGS's in the present paper is the statistical method recently proposed for the study of equilibrium properties of solids 27 and successfully applied to the description of thermodynamic properties Ar, Kr, and Xe at ambient pressure. 28 In Sec. II the main results of this statistical theory 27 will be recalled to obtain the basic relations for the EOS of the present RGS. In Sec. III explicit results are compared with the experimental data for Ar, Kr, and Xe. In Sec. IV thermodynamic properties of Ar are presented for pressures of 2, 5, and 10 GPa and compared with ambient pressure data. The pressure dependence of the sound velocities for solid Ar is also compared with experimental results in Sec. IV together with a discussion of the effect of pressure and temperature on the Grün-eisen parameter and a comparison with the constraints of the more commonly used Mie-Grüneisen EOS. Results for the changes in the thermal expansion, changes in the isobaric heat capacity, and in the isobaric bulk modulus are also presented in Sec. IV. The effect of pressure on the intrinsic anharmonicity is finally discussed in Sec. V.
II. THE PRESENT STATISTICAL APPROACH
The most difficult task in the statistical approach to the thermodynamic description of crystals is a self-consistent de-termination of the phonon frequencies. A self-consistent way to derive an effective quasielastic force constant for the nearest-neighbor interatomic interaction is used in the present approach. The value for this ''effective bond strength'' depends on the distribution of atomic displacements on the nearest lattice sites and, in turn, affects the values of these displacements. To solve this problem, selfconsistent phonon ͑SCP͒ theories [29] [30] [31] have been developed many years ago, whereby iteration processes provide the basis for the determination of a self-consistent interatomic force constant. In order to avoid the difficulties related with the iteration process, a variational approach on the basis of the Gibbs-Bogoliubov functional 32 was introduced 27 to obtain an effective quasielastic bond strength parameter. In this approach a Morse potential between first nearest neighbors is used as an effective interatomic pair interaction in the crystal,
with the three parameters A, R 0 , and ␣. The values for these parameters are listed in Table I and were determined previously 27 in such a way that the values for the internal energy, the lattice parameter, and the bulk modulus of the RGS at zero temperature and pressure, calculated within the framework of the statistical model, 27 fitted the observed values. In the case of Kr the values of potential parameters were modified with respect to the value of the cohesive energy. 36 The distance between atoms located near the sites R i and R j is given here by r i j ϭ͉R i ϪR j ϩq i Ϫq j ͉ and q i represents the atomic displacement from the site i.
The quasiharmonic Gibbs-Bogoliubov functional is
whereby the
represent the ͑Helmholtz͒ free energy and the average internal energy of the quasiharmonic crystal. ϭk B T/A is a reduced temperature, is a correlation factor, which represents the contribution of the interatomic correlation to the energy of the interatomic interactions, and one may notice that q() changes only slowly with temperature from q 0 Ϸ1.87 at Tϭ0 K to qϷ2 at high temperatures.
is a dimensionless parameter (0ϽϽ1), which describes the correlation in the displacement of nearest-neighbor atoms. The inverse value for the width of the atomic localization on a lattice site is characterized by
whereby e jx represents the phonon polarization vector for the x direction. The integration in Eqs. ͑3͒, ͑4͒, ͑8͒, and ͑9͒ runs over the unit-cell volume of the reciprocal lattice, and K are reduced components of the wave vector, varying from 0 to 1. 27 The reduced phonon frequencies of the atomic vibrations j (K) are determined by the dynamical matrix of the harmonic crystal, i.e., they depend on the lattice structure only. The relation between the scaled frequency j (K) and the real phonon frequency j (K) is given by
whereby j represents the specific phonon branch. The introduction of these reduced variables allows us to parametrize the expression for the free energy ͑2͒ with respect to a minimal number of physical parameters describing the thermodynamic properties of the crystal. With these parameters, the quasiharmonic crystal free energy ͑2͒ depends only on the reduced temperature and on the de Boer constant ⌳. The internal crystal parameters c and b represent the lattice expansion and the dimensionless effective force constant, determined as equilibrium values minimizing the crystal free energy at the given temperature and pressure. The contribution from the cubic anharmonicity of the atomic vibrations to the crystal free energy is important especially at high temperature and low pressure. The quasiharmonic expression for the crystal free energy ͑2͒ can be corrected in these cases by contributions from cubic anharmonicity of the atomic vibrations in second-order perturbation theory by a term ⌬F 3 (,b). [33] [34] [35] It has been shown previously, 27, 28 that this correction for cubic anharmonicity leads in fact to a good agreement between theory and experiment at zero pressure. The equilibrium state for given values of temperature and pressure corresponds to a minimum of the Gibbs function with respect to b and c. In terms of the present dimensionless functions one has
͑11͒
with s (,c)ϭ(F 0 Ϫ͗U 0 ͘)/NA, 3 (,c,b)ϭ⌬F 3 /NA, and P ϭ P/A␣ 3 , whereby P is the external pressure and w ϭ␣ 3 v is the dimensionless atomic volume. In the case of fcc crystals one finds for the atomic volume vϭ(R 0 ϩb/␣) 3 /ͱ2. At high (Ͼc⌳) and low (Ͻc⌳) temperatures the expression for the Gibbs free energy ͑11͒ can be given in explicit forms, which simplify the determination of thermodynamic properties in these temperature ranges.
In the high temperature limit Ͼc⌳,
whereby a 3 Ϸ1.5. The numerical coefficients n l , m l , and p l , calculated in the case of the fcc lattice, are listed in Table  II .
In the case of low temperature Ͻc⌳,
͑17͒
3 ϭ0, and the correlation parameter for an fcc crystal is 0 Ϸ0.136 with q 0 Ϸ1.87. The values for the coefficients s l and t l for the fcc lattice are also listed in Table II . In any case, the equilibrium value of effective quasielastic bond strength parameter c and the dimensionless lattice expansion bϭ␣(RϪR 0 ) are determined by the minimization of the Gibbs function ͑11͒ with respect to b and c:
ϭ0. ͑19͒
III. EQUATION OF STATES
The relations ͑18͒ and ͑19͒ give the starting point for the determination of the EOS's and for the equilibrium crystals parameters under pressure. A direct relation between the external pressure P and the normalized lattice expansion b, obtained from Eq. ͑18͒, is given by the relation ͑20͒, in which the parameter q/␥* and the cubic term 3 depend still on and c:
gives here a second equation, which determines, in combination with Eq. ͑18͒, the equilibrium values of the internal parameters c 0 (, P) and b 0 (, P). The variation of the equilibrium value c 0 (, P) for Ar under pressure is illustrated in Fig. 1 at two different temperatures (Tϭ0 K and Tϭ295 K). The steep increase of c 0 (, P) at low pressures is typical for RGS's, which show a similarly strong increase in the bulk modulus in this range. The temperature dependence of c 0 (, P) at constant P is obviously very small ͑Fig. 1͒, however, a temperature dependence of c 0 (v,) can be noticed clearly at constant volume, as illustrated in Fig. 2 .
One may recall here that c 0 (, P) is directly proportional to the ͑acoustic͒ Debye temperature, 28 which shows therefore The good agreement between the experimental and theoretical EOS data in these wide pressure ranges together with the previously published results for the other thermodynamic data of Ar, Kr, and Xe at ambient pressure 27, 28 illustrates clearly that the approximation of effective interatomic interactions by the Morse potential ͑1͒ with the parameters given in Table I reproduces in the framework of the present statistical model of solids all the available thermodynamic data very reasonably. Therefore this potential can be used for the description of a wide range of microscopic properties for these RGS's in the whole pressure and temperature region covered only partly by the previous experimental studies.
However, it should be noted that the parameters in Table I had been deduced from experimental values for the cohesive energy, the bulk modulus, and the interatomic distance at zero pressure and temperature in such a way that the potential represents an effective nearest-neighbor interaction, which may be different from a free atom potential.
One may notice also that the explicit cubic anharmonic contributions to the pressure given by the last term in Eq. ͑20͒ are significant only at high temperature and decreases steeply (ϳc Ϫ6 ) with increasing pressure. For the static lattice case, which corresponds to q/␥* ϭ0 and ⌳ϭ0, Eq. ͑20͒ can be represented in the form of the previously discussed 22, 21 effective Morse-type EOS: , with v 0 ϭ(1/ͱ2)R 0 3 for the zero-pressure volume. From a comparison of Eq. ͑21͒ with Eq. ͑20͒ one can see that the pressure of the static lattice becomes at high pressure the dominant contribution to the total pressure when ͉b͉ӷq/2␥* ͑22͒ and the contributions from both quantum and thermal pressure can then be obtained as leading term ⌬ P(x,) in an expansion of Eq. ͑20͒ with respect to q/␥*Ӷ1 in the form
The variation of this phonon pressure ⌬ P(x,) by compression is illustrated in Fig. 6 by three curves for three different fixed volumes.
First of all one may notice in Fig. 6 that compression of the crystal leads to an increase of the zero-point pressure, which is directly related to the increase of the ͑acoustic͒ Debye temperature illustrated by the corresponding increase of c 0 (v,) already in Fig. 2 . The extension of the flat region at low temperatures reflects in the same way the increase of the Debye temperature. The change in the slopes between the low-pressure and the high-pressure curves represents a special feature, which corresponds to a volume dependence q D ϭ(‫ץ‬ ln ␥ tb ‫ץ/‬ ln V) T Ͻ1 of the corresponding ''thermobaric'' Grüneisen parameter ␥ tb in contrast to the usual expectation q D у1 for the volume dependence of the Grüneisen parameter at moderate pressures. 4 The reason for the distinction between the ''thermobaric'' Grüneisen parameter 7 used here and the more commonly known Debye-Grüneisen parameter is discussed in the next section.
IV. THERMAL PROPERTIES
As already indicated in the previous section the dominant changes in the thermal properties of the RGS's under pressure are related in the present model to the increase of the quasielastic bond parameter ͑Figs. 1 and 2͒, which leads also to increases of the phonon frequencies ͑10͒, to an increase of the corresponding Debye temperature, and to a related decrease in the phonon occupation numbers at a given temperature. For nonmetallic crystals like the RGS's the total pressure P can be split into the pressure of the static lattice P l and an additional phonon contribution, which includes both zero-point and thermal contributions, and one obtains with the internal energy of the phonon subsystem E ph Pϭ P l ϩ͑␥ tb /V ͒E ph . ͑24͒ In the case of a quasiharmonic Debye model, the thermobaric Grüneisen parameter ␥ tb , defined by this relation, is identical to the commonly used Debye-Grüneisen parameter ␥ D ϭ(‫ץ‬ ln D ‫ץ/‬ ln V) T . However, when D becomes temperature dependent due to effects from ͑intrinsic͒ anharmonicity as in the present approach, ␥ tb defined by Eq. ͑24͒ becomes
Since the acoustic Debye temperature is directly proportional to c 0 (,b),
and Eq. ͑19͒ gives an analytical expression for c 0 (,b) in the form
one can easily calculate ␥ tb from c 0 (,b), and also all the other thermal properties of the crystal under pressure, e.g., thermal expansion and heat capacities. With Eqs. ͑25͒-͑27͒ one obtains for the pressure and volume dependence of ␥ tb the results shown in Figs. 7 and 8, respectively. Within the quasiharmonic approximation one expects no temperature dependence for ␥ tb at constant volume in contrast to the strong thermal effects seen in Fig. 8 , which illustrates that some intrinsic anharmonicity ͑in addition to the anharmonicity already included in the quasiharmonic approximation͒ is taken into account by the present approach giving significant contributions in the RGS's especially at low pressures.
For small values of the wave vector k one can use the relation ͑10͒ in the form j (k)ϭ jk kR, whereby the coefficients jk account also for the different polarizations of the acoustic waves in a given direction, and this relation gives for the pressure and temperature dependence of the sound velocities u jk :
From Eq. ͑28͒ sound velocities are calculated for Ar and compared in Fig. 9 with experimental values from the literature. 12 One can notice, that the values of jk along the direction ͗111͘ is 2/ͱ3, giving the highest velocity for the longitudinal acoustic ͑LA͒ phonon branch. For the ͗100͘ direction jk ϭ1 gives the lowest velocity for the LA branch in this direction. As one can see from Fig. 9 the agreement between observed 12 and calculated data is rather good for these two LA branches. For the transverse acoustic ͑TA͒ branches the differences between experimental data 12 and the present theoretical results are, however, slightly larger. The value jk ϭ1/ͱ2Ϸ0.7 along the ͗100͘ direction for largest velocities of the TA branch and jk ϭ0. not give good agreement with the experimental data, 12 however, a much better agreement between theoretical and experimental data 12 for these TA branches can be obtained with jk ϭ0.61 and jk ϭ0.43, respectively. Such a scaling of the calculated velocities for the TA branches can be related to the noncentral character of interatomic interactions. 12 The average over the sound velocities results in the wellknown acoustic, low-temperature limit of the Debye temperature D , given by Eq. ͑26͒, and the steep increase in the velocities in Fig. 9 results in a similar increase of D with pressure, which widens the temperature range of the quantum behavior under pressure. Due to the strong decreasing (ϳc Ϫ4 , c Ϫ6 ) of the anharmonic contributions to the free energy of a crystal under pressure the temperature dependence of thermal-expansion coefficient decreases rapidly in the classical high-temperature region (Ͼc⌳) and the temperature dependence of isothermal bulk modulus K T becomes linear. These effects are illustrated in Figs. 10-13 , showing the temperature dependence for the interatomic distances R(), the isobaric heat capacity C P , and isothermal bulk modulus K T , respectively. What is most striking is the strong decrease in the ratio ϭC P /C V ϭK S /K T under pressure illustrated in Fig. 13 .
Effects from intrinsic anharmonicities are also clearly noticed in the temperature dependence for the thermobaric Grüneisen parameter ␥ tb ͓defined by Eq. ͑25͔͒ and in the ͑different͒ temperature dependence of the more commonly used ''thermal'' Grüneisen parameter,
where ␣ V is thermal volume expansion coefficient. Figure 14 illustrates the difference in the temperature dependence of ␥ tb and ␥ th at three different pressures. While the apparent small difference in the two different Grüneisen parameters at low temperatures represents an artifact due to the limited numerical accuracy of the present calculations, the increasing difference at higher temperatures represents the effect of intrinsic anharmonicity taken into account by the present calculations. One may notice that this difference seems to decrease with increasing pressure.
V. CONCLUSION
The present statistical approach to a calculation of the thermodynamic properties for solids reveals clear differences in the temperature dependences of the different Grüneisen parameters ␥ D , ␥ tb , and ␥ th due to intrinsic anharmonic contributions, which are very significant in the presently studied RGS's at moderate pressures and elevated temperatures. The strong increase with pressure for the Debye temperature is directly related to the increase in the quasielastic bond parameter c 0 (, P) of the present approach ͑Fig. 1͒. The temperature b ϭc 0 ⌳ for the borderline between the quantum and quasiclassical behavior in the thermodynamic properties of solids increases with c 0 and leads to a strong expansion of the quantum regime with pressure, especially in the relatively soft RGS's as illustrated in Figs. 6, 10, and 11 for the phonon pressure, the thermal expansion, and the heat capacity, respectively. The relation ͑26͒ with ͗ jk ͘Ϸ0.677 for solids with fcc lattices, like the RGS's, provides a direct link between the quasielastic bond parameter c 0 (,v) calculated by the present approach and the commonly used ͑acoustic͒ Debye temperature D , which becomes temperature dependent at constant volume in the present approach due to the inclusion of intrinsic anharmonic contributions beyond the quasiharmonic anharmonicities usually represented by a purely volume dependent Debye-Grüneisen parameter ␥ D , which becomes temperature dependent at constant volume, when intrinsic anharmonic contributions are taken into account, like in the present approach. Besides the well-known decrease of the quasiharmonic anharmonicity represented by the decrease in pressure ͑at zero temperature͒ the present calculation of the temperature dependence for the different Grüneisen parameters, presented in Fig. 14, indicates that the intrinsic anharmonicities decrease also with increasing pressure, at least for the simple RGS's in the pressure range of the present calculations.
In comparison with the recent first-principles calculations for Ar under pressure 26 one may notice that these calculations were restricted to the static lattice case and gave no information on effects from intrinsic anharmonicities and the related thermal effects considered in the present work.
Finally, one may notice that a good description of the thermodynamic properties, including the EOS's of the RGS's, was obtained by the use of an effective nearestneighbor interaction of the Morse-type with the three parameters of Table I , derived from the interatomic distance, cohesive energy, and the bulk modulus at zero pressure and temperature. Probably such procedure allows an effective potential, in which each atom of the crystal moves, to be determined rather exactly. Since the present statistical method is, however, not limited to the use of an effective Morse-type potential, the present approach can be extended to much higher pressure also by the use of more appropriate effective two-body interactions 22 to the pressure range, where the Morse potential begins to become inadequate. 
